We introduce a modeling approach for pedestrian speed-density relationship. It is motivated by a high scatter in real data that precludes the use of traditional equilibrium relationships. To characterize the observed pattern we relax the homogeneity assumption of equilibrium relations and propose a multi-class model. In addition to the general modeling framework, we also present some concrete model specifications. Real data is utilized to test the performance of the approach. The approach is able to reveal fundamental properties causing the heterogeneity in population and describe their impact on pedestrian movement. We also show the advantages of the proposed approach compared to approaches from the literature. The proposed model is flexible, and it provides better fit and richer information than traditional models.
Introduction
The analysis of pedestrian facilities has recently gained a lot of interest due to intense urbanization. The examples range from transportation hubs, such as airports (Kalakou et al., 2014) and train stations (Daamen, 2004; Van den Heuvel and Hoogenraad, 2014; Hänseler et al., 2014) , to museums (Yoshimura et al., 2014; Kanda et al., 2007) , music festivals (Naini et al., 2011; Duives et al., 2014) , commercial centers (Lam and Cheung, 2000; Yaeli et al., 2014) , university campuses (Danalet et al., 2014) , crosswalks (Lam et al., 2002; Rastogi et al., 2013) or even religious infrastructures (Algadhi and Mahmassani, 1990; Helbing et al., 2007) . A sophisticated understanding and modeling of complex pedestrian movement patterns (Bierlaire and Robin, 2009 ) is necessary for (i) an efficient planning and management of future pedestrian facilities and (ii) the optimization of current infrastructure and operations.
Data on pedestrian movement is traditionally collected by revealed and stated preferences surveys, manual counting, mechanical counting and infrared beans (Bauer et al., 2009 ). Thanks to advances in modern technologies (e.g. WiFi, Bluetooth, visual, depth and infrared sensors) a number of comprehensive empirical analysis Daamen, 2004, Helbing et al., 2005) and pedestrian traffic models (Duives et al., 2013 , Hänseler et al., 2014 , Hänseler et al., 2017 have been reported in the literature in the last decades.
The fundamental variables characterizing the traffic of pedestrians are density (k), flow (q) and velocity (v) . Density is expressed as the number of pedestrians per unit of space at a given moment in time; flow is interpreted as the number of pedestrians per unit of time and per unit of length; velocity is expressed in unit of length per unit of time. The relationships between density and flow, density and speed, and flow and speed are referred to as the fundamental relationships. They play an important role in planning and designing pedestrian facilities. They are also central in the specification of models for pedestrian dynamics. These relationships are derived from the assumption that the traffic system is at equilibrium, that is stationary and homogenous.
The empirical analysis of real data reveals a high scatter that questions the assumption of an equilibrium flow. To describe the observed nature of the data, we assume heterogeneity in the pedestrian population, that results from the existence of multiple pedestrian classes that are characterized by different behavior. As these classes cannot in general be characterized or even observed, we adopt a latent class approach to derive the relationship between speed and density.
The structure of the paper is as follows. A review of related research from the literature is provided in Section 2. Section 3 describes the proposed methodological framework for the derivation of the multi-class speed-density relationship. Section 4 presents a case study and corresponding empirical analysis. In Section 5 we empirically illustrate the performance of the approach. Finally, Section 6 summarizes the outcomes of the proposed methodology and determines future research directions.
Literature review
The first fundamental traffic relationship was established in the field of vehicular traffic in the thirties of the last century (Greenshields et al., 1935) . Over the years, various studies have been reported on fundamental relationships (see Zhang, 2012 for a complete review). In the context of pedestrian traffic, speed-density relationships are predominantly considered. The main stream of the literature establishes the relationships empirically, by fitting curves to empirical observations. The relationships that are usually used in the literature are listed in Table 1 , where v f is the free flow speed, k j the jam density, and θ and γ are parameters. Other studies focus on the derivation of the relationships via simulation-based models (Blue and Adler, 1998) or from microscopic pedestrian traffic principles (Flötteröd and Läm-mel, 2015; Hoogendoorn et al., 2014) . The physical features that they share are (i) the decreasing trend of the speed with increase in density, and (ii) the deterministic nature, due to assumed equilibrium conditions (conditions when dynamics of the system are ignored and the population is homogenous).
The findings from several empirical analysis (Cheung and Lam, 1998; Daamen et al., 2005; Steffen and Seyfried, 2010) question the deterministic approach of the listed studies. They report heavy scatter in the empirical speed-density relationship, which cannot be predicted by the proposed deterministic models. The observed scattering is explained in the literature by violation of equilibrium assumptions (Kim and Zhang, 2008; Wang et al., 2013; Jabari et al., 2014; Cheung and Lam, 1998; Weidmann, 1993) .
Source
Specification Parameters Older (1968) Navin and Wheeler (1969) Fruin (1971) Tanaboriboon et al. (1986 ) Lam et al. (1995 Everyday experience suggests that the pedestrian population is heterogeneous. Various studies have shown empirically that the differences among pedestrians, such as trip purpose, age, gender, health conditions, etc., influence walking speeds of pedestrians (Weidmann, 1993; Bowman and Vecellio, 1994; Campanella et al., 2009) . Microscopic approaches capture this complex phenomena by modeling the exact underlying walking process and interactions at the level of individuals Hoogendoorn and Bovy, 2004) . Although being highly precise, these approaches suffer from high computational time and require a great deal of dissagregate data.
At the macroscopic level (speed-density relationship) there are several ways to account for heterogeneity. In a two-stage approach, the data is first segmented based on some observed characteristics (e.g. socio-economic or demographic variables), using automated clustering schemes (Ge et al., 2012; Lee et al., 2007) or manually. The assignment of the individual observations to different segments is deterministic in this approach. In the second stage, a separate model is estimated for each predefined segment in the population (Weidmann, 1993) . The issue of imprecise parameter estimates may arise due to potentially small sample sizes in some segments. Also, segmentation is usually performed based on a sin-gle characteristic and assumed to be error-free. In reality, the heterogeneity may come from multiple factors, which may introduce errors in the second stage.
An alternative to the two-stage approach for dealing with heterogeneity is the probabilistic model-based method (Fraley and Raftery, 2002) . Probabilistic models in the field of vehicular traffic are usually derived by adding Gaussian noise to the existing deterministic relationships (Wang et al., 2013) . This can potentially lead to unrealistic outcomes (e.g. negative speed values). Jabari et al. (2014) proposed a probabilistic speed-density relationship based on a microscopic carfollowing model. Probabilistic features are incorporated by introducing random parameters capturing population heterogeneity. However, limited behavioral basis exists to help in the specification of the distribution of these parameters. Also, such approach has the disadvantage of potentially allowing for behaviorally and physically implausible parameter values, depending on the choice of distributions. In Nikolić et al. (2016) , a probabilistic speed-density relationship for pedestrians (PedProb-vk) is derived by bringing together first principles and a data-driven approach. The model specification ensures the physical correctness of the results, but lacks behavior-oriented explanatory power.
We propose in this paper an alternative approach to account for the heterogeneity of speed, as observed in the data. The suggested model is a latent class model (LCM). The LCM approach has been proven to be valuable in capturing unobserved heterogeneity and characterization of the latent classes (Walker and Li, 2007; Jintanakul et al., 2009) .
Methodology
This section first describes the general modeling framework and presents concrete suggestions for the model specification. Then, data requirements and model estimation method are discussed.
Modeling framework
Let (v i , k i , X i ) be a triplet representing the speed v i , the density k i and the vector of observable characteristics X i (such as age, trip purpose, etc.) associated with individual i. We assume that the population is partitioned into J classes (sub-populations) of pedestrians. In this framework, the individual speeds v i are random variables. It is assumed that the speed is influenced by the prevailing density, and that this relationship varies across classes. Therefore, the distribution of v i is characterized by its probability density function conditional on the density k i experienced by individual i and the class j
where θ j (k) are parameters. We refer to this distribution as a class-specific model (CSM). Each class may be characterized by a different probability distribution of the individual speeds. However, in most applications it is assumed that all class densities arise from the same parametric distribution family (Frühwirth-Schnatter, 2006) . We assume that this distribution is continuous with positive support. This property is in accordance with the physical characteristic of the speed, being that the speed is a continuous variable whose values cannot be negative. Note that the density k i is not class dependent, as all pedestrians contribute to the density, irrespectively of the class they belong to. The specification of the parameters θ j (k i ), which characterize the class-specific speed distribution, is assumed to vary with the density of pedestrians. The assumption is motivated by empirical observations (Cheung and Lam, 1998 ) that suggest different trend of speed distribution for different density levels (e.g. the mean and the spread of the speed distribution decrease with increase in density of pedestrians). For instance, this dependency can be represented using deterministic speed-density relationships, such as those presented in Table 1 . Some concrete examples are shown in Section 3.2. The class of pedestrian i cannot be directly observed. Therefore, we propose a class membership model (CMM) that provides the probability that a pedestrian i, characterized by her socio-economic characteristics X i , belongs to class j
where β j are parameters. The CMM can take a number of forms. A typical assumption is based on a fitness function, that is a continuous variable measuring how much individual i fits into class j. For example, a linear formulation would consist in
where CSC j and β j are unknown parameters to be estimated from data, and ε i,j is a random term. The assumption is that the individual belongs to the class with the highest value of the fitness function. A specific distribution assumption for ε i,j leads to a specific probability model. The exact specification of V i,j , and in particular the exact list of characteristics involved in X i , is application dependent. We show some examples in Section 3.2. The multi-class speed-density model (MC-vk) is obtained by combining the CSM and the CMM as follows
The latent classes can be assumed a priori or interpreted a posteriori. The a priori specification of classes can be based on the information from the literature about different pedestrian sub-populations (e.g business, leisure travelers or children, adults, seniors), and their preferred walking speed and the attitude towards congestion (Daamen, 2004 , Weidmann, 1993 . The a posteriori interpretation of latent classes should be supported by the estimation results.
Exemplary specification
For the illustration of the model, we need to assume the number of classes (J), and to specify the exact form of the CMM and the CSM. We assume the existence of two classes (J = 2), denoted as class C 1 and class C 2 , in order to keep the model parsimonious and to avoid potential over-fitting. Note that other models with higher number of classes are estimated for the train station context and compared using statistical tests in Section 5.1.3. The results of this comparison show that the two-class model is superior for this case study.
We suggest the Rayleigh model for the distribution of the speed in each class
which is driven by only one parameter, the scale θ j (k i ). The choice of the Rayleigh distribution is motivated by its properties (continuous distribution that is defined on the positive support) that are in accordance with the physical properties of the speed. The mean of a Rayleigh random variable is expressed as µ j (k i ) = θ j (k i ) π/2. We model the mean as the linear class-specific equilibrium speeddensity relationship for all classes
where v f,j and γ j are class-specific parameters, referring to the free-flow speed, respectively the sensitivity to congestion. These parameters are expected to vary across classes such that they reflect the class-specific behavior. The equilibrium relationship in (6) is derived in Nikolić et al. (2016) from the social force model proposed by Helbing and Molnar (1995) , for isotropic, homogenous and stationary traffic conditions. It also corresponds to the relationships proposed by Older (1968) , Navin and Wheeler (1969) , Fruin (1971) , Tanaboriboon et al. (1986) and Lam et al. (1995) (Table 1) . Each pedestrian is assumed to belong to one class only (pedestrians do not switch among classes over time). This is consistent with the literature on vehicular traffic (van Wageningen-Kessels, 2013). We assume that the error term ε i,j in (3) is i.i.d. type 1 Extreme Value (EV1(0,1)) across classes and individuals. This assumption yields the binary logit CMM, defined as
The quality of the CMM depends on the available information about the behavioral profiles of pedestrians, that constitutes the deterministic part of the model (V i,j ). For instance, various studies have shown that, in general, the age (children, adults, seniors), the gender (female, male) and the trip purpose (leisure, commuters, shoppers, business) of pedestrians have an effect on their movement behavior (Section 2). If this information is available, the deterministic parts of the fitness function for each class and pedestrian can be defined as
where SENIOR, MALE and BUSINESS are considered as the reference levels of the corresponding discrete variables. Depending on the context, some additional information may be also useful. For instance, in transportation hubs, such as train stations, metro stations or airports, the type of passenger (arriving, departing, transferring), the time to departure, the distance that pedestrians need to traverse, the presence of luggage and walking in groups appear as relevant factors. Similarly, the opening hours of shops in commercial centers, or highlights in museums, interacted with the cultural background of pedestrians, can be valuable in explaining the class membership.
Note that the framework described in Section 3.1 is general and allows for different specifications to be tested. To assess the performance of our approach, we present the analysis on a real case study in Section 5.
Data requirements
In order for the presented framework to be applied, the following data must be available. The key type of data, like for any such model, is the traffic condition data. It includes individual speed and density observations, necessary for the estimation of the model. They can be extracted from the individual trajectory data, that is the data provided in the form of individual-specific pairs of consecutive time and location observations. Ideally, trajectories are collected using precise pedestrian tracking systems with high temporal resolution. For instance, the systems based on optical, thermal and depth sensors (Alahi et al., 2011; Alahi et al., 2014) or digital cameras (Daamen and Hoogendoorn, 2003) . Pedestrian trajectories can be also obtained using wireless technologies such as WiFi or Bluetooth. The issue with these technologies is the low temporal resolution and strong sample bias (Danalet, 2015) . In this case, the combination of WiFi or Bluetooth traces with count data may provide better understanding about prevailing traffic conditions (Hänseler, 2016) .
Although the class membership model could be specified without any explanatory variable, the quality of the model would benefit from characteristics of individuals. This means that the more information is available about pedestrian characteristics, the easier it will be to obtain a good class membership model. This information includes typical socio-economic and demographic data, such as age, gender, health conditions, culture, trip purpose, etc. As mentioned in Section 3.2, depending on the type and the purpose of pedestrian facilities, additional types of data would be useful. For instance, the apparent types of data are (i) the type of passenger, the time to departure, the presence of luggage and walking in groups in public transport facilities, (ii) the points of pedestrians' interest in museums and the attractivity of these points, (iii) opening hours of shops and restaurants in commercial centers, (iv) concert schedules and toilets' locations in music festivals, (v) pollution and noise levels experienced by pedestrians in urban streets, etc. To collect the mentioned characteristics various recall methods may be used, including paper-based surveys distributed to individuals (Bachu et al., 2001; Kalakou et al., 2014) , smartphone-based applications (Ohmori et al., 2005; Cottrill et al., 2013; Ball et al., 2014; Zhao et al., 2015) , and webbased methods (Bohte and Maat, 2009) .
In case data collection using recall methods is not performed, it is possible to compensate, to some extent, by relying on the available information from pedestrian trajectories and some other sources (e.g. attributes of a facility, timetables and schedules in transportation hubs, etc.). This is demonstrated in Section 4.2.2.
Estimation procedure
With respect to traffic condition data, we assume the availability of individual observations collected over multiple time instants. This means that traffic condition data has panel nature, and the speed observations of a single individual are likely to be correlated across time. This is usually referred to as serial correlation. The issue arises due to unobserved individual factors that persist over time. If ignored it leads to consistent but inefficient estimators (Gourieroux et al., 1984) . To address the issue of serial correlation we introduce an agent effect, α i , in the mean of the speed distribution that drives the CSM (Wooldridge, 2005) . We assume that it is exponentially distributed
where µ α i is the mean. The agent effect is assumed to be independently and identically distributed across pedestrians, but remains constant within the observations of a given pedestrian. The choice of the exponential specification is motivated by its positive support. Also, it is well suited to avoid any arbitrariness in imposing the upper bound, while preventing arbitrary high values at the same time. The likelihood conditional on class j for the observations of pedestrian i in the described panel setting is as follows
where T i is the number of observations of the individual i, and v i1 , ..., v iT i and k i1 , ..., k iT i are the sequences of speed, respectively density observations associated with this individual.
Contrary to traffic condition data, pedestrian characteristics (e.g. age, gender, etc.) are assumed to be time independent during the observation period. Each pedestrian is associated with one observation of the considered characteristics. For instance, the age category of a pedestrian is adult and her gender is female. This means that the class membership probability is calculated only once, and it remains constant across all speed-density observations for a given pedestrian (the error terms ε i,j (3) are not time dependent). Therefore, the issue of serial correlation does not appear at the CMM level. We also assume that the error terms of the CSM and the CMM are not correlated, as in Walker and Li (2007) .
Combining the CSM and the CMM, the contribution of individual i to the likelihood is given as
The integral in (11) is approximated via simulation as
where R refers to the number of draws from f(α i ; µ α i ). The likelihood function for the sample of N individuals (i = 1, ..., N) is given by
that is to be maximized.
Case study and empirical analysis
We illustrate the methodology and analyze its performance on a dataset collected in a pedestrian underpass of the train station of Lausanne, Switzerland, described below. Figure 1 shows the layout of the studied area. It covers approximately 685 m 2 . The underpass is frequently used especially during the morning and afternoon peak hours since it connects the exterior of the train station to the main platforms. It also acts as a connection between a residential area in the south and the center of the city in the north. To collect the raw data, a large-scale network of smart sensors has been deployed in the station. The underlying technology is based on optical, thermal and depth sensors that detect silhouettes and track each pedestrian in the area covered by the network. The tracking engine uses a sparsity driven framework (Alahi et al., 2011; Alahi et al., 2014) to link detected pedestrians over the network of sensors.
Lausanne train station
In the underpass (Figure 1 ), 33 depth sensors are installed. The placement of the sensors is such that the major part of the underpass is monitored (Alahi et al., 2013) . However, blind areas exist (the areas that are not covered by the sensors), where missing data are completed using an inter-sensor tracking algorithm (Alahi et al., 2011) . We call the observations from the covered areas the "detected" observations, and those from the uncovered areas the "imputed" observations. We need this distinction in order to reduce the effect of errors due to measurement noise and technological issues in the calculation of the density indicator, as elaborated in Section 4.2.1.
The tracking results in a dataset of 25,603 trajectories, collected during a time period between 07:00 and 08:00 on February 12, 13, 14, 15 and 18, 2013. The temporal resolution of every trajectory ranges from 10 to 25 points per second and it has been processed to obtain the position of every pedestrian in the scene at every second. The average length of the trajectories is 78 meters and the duration of a pedestrians' stay in the underpass ranges from 15 seconds to 2.2 minutes.
Note that we have selected only trajectories collected in the main corridor of the underpass, represented by the shaded area in Figure 1 . The trajectories from the ramps and stairs (denoted as P1-P9) are not considered in this study. Indeed, as explained by Daamen (2004) and Weidmann (1993) , the walking behavior and, therefore, the speed-density relationship, varies with the type of infrastructure.
In addition to detailed pedestrian trajectories, the infrastructure data, that is detailed plans containing the locations and dimensions of all relevant parts of the monitored system, is also available. We also have access to the train timetable for the period under study. The arrival and departure times and the assigned tracks are thus known for all trains.
In the rest of the paper, we refer to this case study as the Lausanne case study.
Empirical analysis
We first present the analysis of traffic condition data, that is speed and density observations. We then discuss the factors used to explain the class membership of individuals.
Speed and density observations
The speed-density profile corresponding to the Lausanne case study (Figure 2) is obtained from the Voronoi-based measurement method presented in Nikolić et al. (2016) . The Voronoi space decomposition assigns a personal region to each pedestrian i, based on the positions of pedestrians. This is done in such a way that each point in the personal region is closer to i than to any other pedestrian, with respect of the Euclidean distance. The position of "detected" observations is considered to be accurate, while the position of "imputed" observations might be subject to inter-sensor tracking algorithm errors (Alahi et al., 2011) . Therefore, the Voronoi spatial discretization is performed based on "detected" observation only. We, however, need to account for the existance of the pedestrians whose observations are marked as "imputed". To do so, the density at each point p = (x, y, t s ) is computed as
where t s = (t 0 , ..., t f ) corresponds to the available sample, |V is | is the area of Voronoi cell V is assigned to "detected" pedestrian i at time t s , and n detected V is and n imputed V is refer to the number of "detected", respectively "imputed" observations within the cell V is . The speed is approximated using finite differences, based on the "detected" observations (Nikolić et al., 2016) .
In Figure 2 , each circle corresponds to one observation, that is, one pedestrian at one specific time. The x coordinate of the circle corresponds to the density, and its y coordinate corresponds to the speed. The figure plots 154,417 observations corresponding to the peak hour of February 13, 2013. The same pattern was observed on any weekday. Figure 2 . The density ranges from 0 to approximately 7 pedestrians per square meter, and 99% of the observations are below 1.4 pedestrians per square meter. The speed ranges from 0 to approximately 6 meters per second, and 99% of the observations are below 2.42 meters per second. The deterministic models for the speed-density relationship proposed in the literature (Section 2) appear to be inadequate for representing the observed pattern.
Characteristics associated with pedestrians
In addition to the speeds and densities, we extract additional variables that are used in the model: the pedestrian type, the OD distance, the peak and off-peak periods and the time to departure. In the following, we explain each factor separately.
The pedestrian type refers to the classification of pedestrians based on their OD pairs. The definition of OD areas depends on the layout of a train station, and it includes the stairs and ramps to the platforms (denoted as P1-P9 in Figure 1 ) and the entrance/exit areas. We consider four pedestrian types Between 8% and 9% of pedestrians each day are not classified, due to the mismatch of their initial and/or final observations with any of the predefined zones that indicate origins and destinations. These observations are considered for the calculation of density, but are not taken into account at the level of the CMM. Figure 3 shows the percentage of pedestrians belonging to each of the four types across days. The pattern is relatively stable over days, and it indicates that the majority of pedestrians are arriving and departing. Figure 4 illustrates the speed distributions for these two types of pedestrians, for a particular density level. It shows that arriving passengers tend to walk with lower speeds, compared to departing passengers. The shift of the distribution for departing passengers towards higher values can be explained by the fact that they are more likely to be under time pressure (to embark on the trains) than the arriving ones. The OD distance is associated with each pedestrian based on the corresponding OD pair. The OD distances are calculated as the shortest Euclidean physical distance between each origin and destination. The distances range from approximately 3 meters to 80 meters, as shown in Figure 5 .
The peak and off-peak periods are defined based on the number of people observed over time for each day ( Figure 6 ). For the temporal aggregation we consider the intervals that are 5 minutes long. Peak periods (PP) refer to the We expect that pedestrians are characterized with different walking behavior, depending on the period when they are observed. The time to departure is obtained by exploiting the information contained in the train timetable. We define the time to departure as the difference between the departure time of the next train from the platform that the pedestrian is going to and the time at which the pedestrian is first observed in the underpass. The distribution of time to departure is shown in Figure 7 . It ranges from a few seconds to approximately 50 minutes. The distribution suggests that most of the people arrive to the train station approximately 3 minutes (the mode of the distribution) before the train departure. It is natural to assume that people that have more time to the departure of their trains behave differently from those rushing to catch their trains.
We also explored the impact of the group behavior on the speeds of pedestrians. We adopted spatial clustering together with temporal frequent patterns analysis to identify the pedestrians walking in groups. In the spatial clustering step, we used the values proposed by McPhail and Wohlstein (1982) for the features characterizing pedestrians that walk in groups (e.g. distances pedestrians keep between each other, differences in speeds and directions). However, less than one percent of the population was identified to walk in groups, and the analysis with respect to this factor showed no significant effect on the speed at which pedestrians move. The factor is therefore excluded from further analysis.
To investigate the case study data in more details, we consider the speed distributions with respect to the mentioned factors at various density levels. The speed observations are aggregated based on Levels of Service (LoS) standard for pedestrian facilities proposed by Fruin (1971) . The levels are labeled from A to F, as shown in Table 2 . We consider the levels A-E, given that the largest part of Table 2 : LoS (Fruin, 1971) the observations falls below the LoS F (99%) of the observations are below 1.4 pedestrians per square meter. OD distances and time to departure into segments. We consider distances shorter than 10 meters (short distances -SD), distances between 10 meters and 30 meters (medium distances -MD), and distances longer than 30 meters (long distances -LD). Time to departure interval is segmented into time intervals shorter than 5 minutes (short intervals -SI), and time intervals longer than 5 minutes (long intervals -LI). The bottom and top of the boxes in Figure 8 - Figure 11 are the first and third quartiles, and the line inside the box is the median. The ends of the whiskers represent the 2 nd and the 98 th percentiles. The analysis indicates dissimilar trends, in particular with respect to speed distributions for different pedestrian types (Figure 8 ) and different ranges of OD distances (Figure 9 ).
For the quantitative analysis, we use Kolmogorov-Smirnov test (Massey, 1951) . For each LoS and each factor we test the hypothesis that speed distributions for different factor values represent the same population. The results are shown in Table 3 . The test rejects the hypothesis in all cases, at the 5% significance level.
The analysis presented in Figure 8 - Figure 11 and Table 3 are in agreement with our assumption about the pedestrian heterogeneity reflected through different walking speeds. The analysis above suggest that density is not the only factor influencing pedestrians' speed and that the observed heterogeneity in speed values might come from multiple factors. 
Applying the framework
The framework proposed in Section 3 is illustrated on the Lausanne case study. The CSM is specified in the model (5). The CMM is specified as the logit model given in (7), with the deterministic parts of the fitness function defined as
where the variables are described in Section 4.2.2. This CMM specification is motivated by the analysis presented in Section 4. We present below the model estimation results and detailed examination of each component of the model. Also, comparisons with the existing models and practical implications are discussed.
Model estimation
For the estimation of the model parameters, we use maximum likelihood procedure. The estimation results of the presented model are shown in Table 4 . We use R = 200 draws from (9) for the simulation of the integral in (13). The standard errors are calculated using bootstrapping (Nikolić et al., 2016) . All estimates have the expected sign and value. The results also show the low standard errors of the parameters and their statistical significance at a usual significance level (0.05). 
Class-specific model
The parameter estimates of the class-specific models show how movement behavior vary across classes.
The signs and the estimated values of the parameters v f,1 ,γ 1 ,v f,2 and γ 2 are consistent with the ones reported in the literature. The corresponding class-specific speed-density relationships are shown in Figure 12 .
The parameters µ α 1 and µ α 2 show that agent effect distributions are characterized with similar mean in both classes.
We make inferences on the movement behavior of each class based on the estimated parameters of the CSM. The C 1 class pedestrians are characterized with a higher free-flow walking speed and significantly lower sensitivity to congestion, compared to pedestrians belonging to C 2 class. We thus call C 1 the class of "pedestrians less sensitive to congestion" and C 2 the class of "pedestrians more sensitive to congestion". The classes are relevant for the context of pedestrian movement in train stations.
Class membership model
The parameter estimates of the class membership model show what are the underlying factors leading to different movement behavior.
The class-specific constant CSC 1 has negative sign denoting that, the rest of fitness functions being equal, pedestrians in the train station are less likely to belong to C 1 class than to C 2 .
The positive sign of the parameters β DP,1 , β TP,1 and β NP,1 indicates that departing, transferring and non-passengers are more likely to be in class C 1 , compared to arriving passengers.
The positive sign of the parameters β TTD,2 and β OD,2 shows that as pedestrians have more time to departure and longer distances to traverse, they are more likely to belong to C 2 . Similarly, the sign of the parameter β PP,2 shows that pedestrians are more likely to be of C 2 during peak periods with respect to off-peak periods.
Figure 13(a) shows the average probability over the sample of belonging to each class
where N refers to the number of individuals. According to the predictions of the model, 39.77% of pedestrians are "pedestrians less sensitive to congestion" (C 1 ) and 60.23% are "pedestrians more sensitive to congestion" (C 2 ). Figure 13 (b) indicates the higher share of C 1 class in the case of departing and transferring passengers, compared to arriving passengers. This is expected, given that departing and transferring passengers are usually associated with higher time pressure that drives their more "aggressive" behavior. It is however not clear whether the high share of C 1 class in the case of non-passengers can be related to some behavioral aspects, or to the fact that OD pairs of non-passengers correspond to the main flow direction in the underpass. It is documented in the literature that pedestrians constituting the main flow are characterized by higher walking speeds (Wong et al., 2010) . Figure 14 shows the predicted value of time to departure and OD distance for pedestrians in each class. The predicted values represent the weighted average of each variable, where the weight is the probability of being in a particular class. As expected, pedestrians in class 1 (less sensitive to congestion) on average have less time to departure and shorter distances to traverse, compared to pedestrians in class 2 (more sensitive to congestion).
The results indicate the existence of relatively strong profiling. However, the segmentation of a population is not deterministically determined. Even though the parameter estimates in Table 4 suggest that the characteristics associated with pedestrians significantly influence the segmentation of considered population, a probabilistic model is necessary.
Alternative specifications
We have also performed a sensitivity analysis to investigate the potential existence of one and three sub-populations. The suggested model represents a form of a clustering analysis of data. Compared to the standard clustering methods, it is a probabilistic model-based approach. The issue of determining the correct number of classes is therefore reduced to model selection problem in the probabilistic framework. We asses the goodness of the model by the means of the Bayesian information criterion (Schwarz et al., 1978 )
where n is the number of observations, m is the number of unknown parameters and L is the value of the likelihood function of the model. The statistics are reported in Table 5 , indicating that models with multiple classes are preferred over a single-class model. Although the best value of the log L is achieved for the threeclass model, the BIC statistic suggests that the two-class model represents the best compromise between the model accuracy and simplicity among all evaluated specifications. It also provides the most satisfactory behavioral interpretation of the results. Table 6 . They differ from the proposed model in terms of assumed class-specific speed-density relationships and agent effect distributions. Linear speed-density relationships in Table 6 correspond to those proposed by Older (1968) , Navin and Wheeler (1969), Fruin (1971) , Tanaboriboon et al. (1986) and Lam et al. (1995) (Table 1) . Exponential speed-density relationships refer to the relationship proposed by Rastogi et al. (2013) (Table 1 ). All alternative specifications resulted in a poorer fit with respect to the proposed model (BIC=1038277.07, Table 6 : Goodness of fit for alternative specifications -BIC
Comparison at the aggregate level
The performance of the proposed MC-vk model is compared with the models proposed in the literature (Section 2) at the aggregate level. We have estimated the parameters of the deterministic models from Table 1 using linear regression on our dataset. The parameters of PedProb-vk are estimated on the same dataset using maximum likelihood procedure. For MC-vk, the average speed for each density level (k) is given bȳ
with the parameters described in Table 4 . A comparison among four deterministic models, the aggregate speed calculated from PedProb-vk and MC-vk, and the observed values are shown in Figure 15. The analysis is performed for density levels ranging from 0 to 1.4 ped/m 2 , corresponding to 99% of the observed values. Table 7 reports the goodness of fit, in terms of the adjusted coefficient of determinationR 2 (Srivastava et al., 1995) , and the mean squared error. The adjusted coefficient of determination is defined asR
where n is the number of observations, m is the total number of explanatory variables in the model, and R 2 is the coefficient of determination. The mean squared error (MSE) is defined as
where p = 15 density levels and k = 1.4( − 1)/(p − 1). The valuev data (k ) is the average of the observed speeds corresponding to densities ranging from (k + k −1 )/2 and (k + k +1 )/2 (Nikolić et al., 2016) . The MC-vk is more complex than both traditional speed-density relationships and PedProb-vk. Yet, it relies on relatively few assumptions and it is easy to analyze by using simulation. The results in Table 7 indicate that the model MC-vk achieves the best fit among the analyzed models. Even though it has been calibrated at the disaggregate level, it is more consistent with empirical observations at the aggregate level.
Posterior analysis
The estimated model allows for the calculation of posterior probabilities of classmembership for each observation
The assessment of posterior probabilities allows to assign an observation to multiple classes with different degrees of membership, or to perform the so-called "soft" clustering. This form of clustering is desirable when the information about probabilities is useful. It provides more information than classical methods, where each observation belongs to only one class ("hard" clustering). Figure 16 shows the posterior class-membership probabilities of the observations in the speed-density plot for the class of "pedestrians less sensitive to congestion" (C 1 ). They indicate how strongly each observation belongs to this class. Darker gray color indicates higher posterior probability, and lighter gray color corresponds to lower posterior probability. The results indicate relatively strong separation of the observations. It can be observed that higher speed values belong to C 1 class more strongly than lower speed values, for all density levels. The results of the analysis are in line with our expectations. They show the capability of the model to capture the structure of the data better than the traditional models.
Practical implications
The proposed model can be used by the operators as an instrument for policy making (e.g. long run planning) and daily operations (e.g. to control the flow). For instance, using the estimated CMM it is possible to examine the influence that the modification of the explanatory variables values has on the split of pedestrians among the classes. We look at the effect of the reduction of time to departure for departing and transferring passengers, assuming all the rest remains unchanged. Such a reduction is typically the result of the modification of the train time table in the train station. The reduction of 10%, 20%, 30%, 40% and 50% is considered. Figure 17 indicates the increase in the share of "pedestrians less sensitive to congestion" class, and decrease in the share of "pedestrians more sensitive to congestion" class, with the decrease in time to departure. This observation is in accordance with our expectations.
The presented analysis suggests that the model can be utilized for the analysis of the effects of such scenarios on the movement behavior of pedestrians. This is important for a variety of applications, such as the impact of different scenarios on the resulting LoS within train stations. Also, the evaluation can be further augmented by posterior analysis of the class membership probabilities (Section 5.3).
Moreover, the proposed methodology is not case specific. It is general and can be simply adopted to other specific applications.
Conclusion and future work
In this paper, a latent class model for speed-density relationship for pedestrian traffic is proposed. Differently from approaches in the literature, it is a multiclass model designed to account for the heterogeneity of speed observed in the data. The model uses the latent classes to relax the homogeneity assumption of equilibrium speed-density relationships.
To illustrate the proposed methodology, we use the data collected in the train station in Lausanne, Switzerland. The analysis confirms the existence of multiple classes of pedestrians characterized by different movement behavior. The resulting behavior is relevant for the studied situation. In addition to density, the observed pattern is explained by factors related to pedestrian type, train timetable and infrastructure. The proposed model thus represents a flexible tool for (i) recognizing the main factors driving the heterogeneity in the population of pedestrians and (ii) describing the impact of heterogeneity on pedestrian movement. Being conceptually insightful, the model can be further used to support the derivation of pedestrian flow models from the first principles.
We present various tests using empirical data that validate the specification of the model. The model is also shown to outperform other models from the literature at the aggregate level. In contrast to the existing approaches, the suggested model features a behavior-oriented explanatory power. As such, it provides more realistic representation of the observed phenomena, and it is better suited for forecasting analysis.
In future work we plan to investigate the validity of stationary aspects of the model. We will analyze whether the speed of pedestrians observed at one time instant depends on the speed values observed in the previous time instants. This would lead to a dynamic model including the lagged speed variable (e.g. Markov dynamic model). To develop the solution for the initial conditions problem and related endogeneity bias in estimation, we could consider the conditional maximum likelihood estimation using a correction as proposed by Wooldridge (2005) .
Our future research will also be directed towards the examination of additional explanatory factors (e.g. attractivity of certain zones), and their influence on the performance of the model. Finally, the performance of the approach in other situations, such as other transportation hubs, urban streets, museums or shopping malls, would also be an interesting research direction. Figure 17: Scenario analysis -train timetable modification
